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ABSTRACT 

An integral method is presented for estimating the influence of an 
initial boundary layer on the development of a two-dimensional,  isobaric, 
turbulent, free shear layer.   The basic equation is derived by applying 
the principle that, at any streamwise station along the free shear layer, 
the momentum of the entrained flow equals the total axial turbulent shear 
force acting along the dividing streamline.   This equation is solved using 
a single parameter family of velocity profiles derived by Korst and 
Prandtl's mixing length concept for turbulent shear stress.    The theory 
involves one empirical constant which was evaluated using Tollmien's 
experimental data for incompressible, turbulent mixing.   The theory is 
verified by comparing with experimental data for free-stream Mach num- 
bers up to 6.4. 
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b Width of mixing zone (Fig.  1) 

C Crocco number 

Cf Coefficient of friction,   —l— 
Poovl 

2 

F Total force 

G Net mass flow 

I, J Integral quantities, defined as follows: 

>7 1 

J»   = J   T  ^ »      J3  = J   - ^  r,Aq 

k Ratio of Prandtl's mixing length to mixing zone width 

1 Prandtl's mixing length 

M Mach number 

p Base pressure and static pressure throughout mixing 
zone and inviscid flow field 

R Gas constant 

r Radius from axis of symmetry to inviscid jet boundary 
(Appendix H) 
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T Static temperature 

Tj. Total temperature 

u Velocity 

X Streamwise intrinsic'coordinate (Fig.  1) 

Y Transverse intrinsic coordinate (Fig.   1) 

y Transverse coordinate of initial boundary layer 

ß Dummy variable in Eq. (5) 

7 Ratio of specific heats 

6 'Thickness of initial boundary layer (Fig.  1) 

<rY 
T) Non-dimensional mixing ordinate, -==- 

0 Momentum thickness of initial boundary layer, Eq. (13) or 
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metry (Appendix II) 

p Density 

ex Local similarity parameter 

T Viscous shear stress 
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o 

SUBSCRIPTS 

b Base region (Fig.   1) 

D Dividing streamline 

FD Fully developed mixing 

1 Inviscid 

i Initial boundary layer 

M Extremities of mixing region (Fig.  1) 

m Inviscid jet boundary (Fig. II-1) 

P Position parameter 

t Total or stagnation condition 
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SECTION I 
INTRODUCTION 

The influence of an initial boundary layer on the development of a 
turbulent free shear layer is an important factor in the analysis of sepa- 
rated flows as well as in the basic study of turbulent mixing processes. 
Historically, the initial boundary layer is treated by the "displaced 
origin" technique which accounts for the increased size of the far field 
mixing zone, but does not predict the evolution of the velocity profile. 
Hill (Ref.  1) has refined the displaced origin technique and is able to 
predict the evolution of the velocity profile.    He verifies his technique 
by comparing with more exact theoretical results for laminar mixing 
and experimental results for turbulent mixing.    For turbulent mixing, 
Hül assumes a linear variation of eddy viscosity with distance and 
accounts for compressibility effects with the Donaldson and Gray corre- 
lation.   Lamb (Ref. 2) determines the evolution of velocity profile in a 
turbulent mixing zone by using the transverse momentum equation to 
determine the eddy viscosity.   This technique has not been extensively 
verified by experiment and will not predict a laminar mixing process be- 
cause use of the transverse momentum equation results in an overspeci- 
fication of the problem. 

The integral method developed by Bauer (Ref. 3) has been extended 
by Wülbanks (Ref. 4) and applied to laminar mixing with an initial 
boundary layer.   Wülbanks verifies his technique by comparing with 
more exact theoretical results for laminar mixing.   In this report, the 
method of Ref.  4 is applied to the case of turbulent mixing with an initial 
boundary layer. 

SECTION II 
BASIC EQUATIONS 

A sketch of the type of mixing considered is shown in Fig.  1 
(Appendix I).    The conservation of momentum condition is applied to the 
control volume shown in Fig.  1 based on the following assumptions: 

1. Over the mixing zone length considered (X), the average 
angle between the dividing streamline and the mixing 
zone centerline is small (<20 deg). 

2. The mixing is two-dimensional, isobaric, and constant 
composition. 
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The momentum equation for this control volume is 

f   'D dX = f P»2 dY (!) 

Equation (1) is written in terms of the intrinsic coordinate system intro- 
duced by Chapman and Korst in Ref. 5.   The intrinsic coordinate system 
results from far-reaching simplifications of the equation of motion which 
is reduced to the form of the heat conduction equation for non-steady, 
one-dimensional heat flow.   Solutions to this highly simplified equation 
of motion must be interpreted in terms of a coordinate system (intrinsic) 
which is shifted relative to the usual inviscid flow coordinate system. 
The location of the intrinsic coordinate system can be determined by 
applying the conservation of total momentum condition (Appendix II). 

By using the perfect gas law, 

p p 
p = RT RT<. (£■ - c~*2) 

where 
u 

* = — 

and 

and by using the transformation, 

-m 
ffY 

V  = — 

where a is the local similarity parameter and is a function of both C„, 
and X, substitution into Eq. (1) yields 

oo 

In the above transformation, a is the local similarity parameter as 
introduced by Chapman and Korst (Ref.  5).   The local similarity 
parameter is a function of both C^ and X and asymptotically approaches 
the well-known Goertler parameter as X-*-». 
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If a coefficient of friction is defined as follows 

CfD   = (¥5 
with 

v       8 

(l3)n 
J — -  C2G<>2 

and 

'p - T" = T (3) 

then substitution into Eq.  (2) yields 

!'■ 
C|D# = JL_ a - c,»)(l8V,D (4) 

o 

Equation (4) is the basic momentum equation and applies for either 
laminar or turbulent mixing.   To solve Eq.  (4), it is necessary to 
specify Cfj, in terms of X and r?p, and it is necessary to describe a 

family of velocity profiles with rjp as a parameter.    The desired family 
of velocity profiles was derived by Chapman and Korst in Bef.  5.   The 
equation is as follows: 

<6 = -i [1  + erf (,  - ,p)] ^  j   [* (^)]^2 iß (5> 
rj-rjp 

Equation (5) may be regarded as an interpolation equation between the 

initial boundary layer ^if-p,   ) and a fully developed mixing velocity pro- 

file given by 1/2(1 + erf 17) for corresponding variations in rjp from 
infinity to zero.   A typical family of velocity profiles is presented in 
Fig. 2. 
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In this report, only turbulent mixing is considered, and Prandü's 
mixing length hypothesis is used to define the coefficient of friction 
(Cf_J.   By definition, 

ch = M (6) 

Prandtl's mixing length hypothesis, as it is applied in this report 
yields 

or in non-dimensional form 

2Ü2„U-Ci) rp_ "p"-^'      /a_\     fj6\ 
(7) 

The usual assumption concerning the mixing length irj is (Ref. 6) 

l» = kb (8) 

where k is a non-dimensional empirical parameter and b is an arbitrar- 
ily defined width of the mixing region (Fig. 1).   The coordinate % is 
defined by 

b = © I* \ä (9) 

where »7^ is the corresponding non-dimensional width of the mixing 
region.   Since the non-dimensional velocity profile [Eq. (5j] is a func- 
tion of X, then rfo will also be a function of X. 

Substituting Eq.  (9) into Eq.  (8) yields 

£
D - 'b k(£) (10) 

As in Ref.  3, k is assumed to be independent of free-stream Mach num- 
ber, and in addition, it is further assumed that the product n^k is inde- 
pendent of X.    The latter assumption specifies the functional relation 
between k and X to be the inverse of the functional relation between 175 
and X.   These relationships are predicted by the theory since the com- 
bined assumptions allow the product 77. k to be determined from a single 
experiment.   The validity of these assumptions will be established by 
comparison with experimental results. 
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The coefficient of friction is obtained by substituting Eqs. (10) 
and (7) into Eq.  (6); therefore, 

'D"    12-,....   14 (11) 
--C2<£ 

The total temperature distribution through the mixing zone and initial 
boundary layer was determined from the well-known Crocco relation 
for unity Prandti. number.   Application of the Crocco relation assumes 
an instantaneous change in the total temperature distribution at the 
separation point, which of course is not true.   Therefore, only moder- 
ate total temperature differences are adequately approximated by the 
Crocco relation.   The location of the dividing streamline was deter- 
mined by the method discussed in Appendix II, which was developed for 
the more general case of axisymmetric mixing.   The equation is 

Jir^-r^J<-(7%)(f)       (u. 
where 9 is the momentum thickness of the initial boundary layer defined 
by the following equation: 

Sufficient information is now available for the numerical solution of 
Eq. (4) for a specified initial boundary layer. 

SECTION III 
NUMERICAL TECHNIQUES 

3.1   EXACT SOLUTION 

The numerical technique used to solve Eq.  (4) is the method of 
finite differences based on the following conditions at tp = 0, 

Tjp   =  eo     and Cf_   =  0 

Various values of »7p were selected starting in the range from 6.0 to 10.0 
and decreasing to zero in increments of 0. 1 to 0. 5.    This calculation 
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yields rjp as a function of q2/. The velocity profile can then be determined 
at each value of ijj from Eq. (5) and transformed into physical coordinates 
by the following equation: 

VP      S 

It is interesting to note that the similarity parameter (a) is not required 
in the transformation to the physical plane except for the case of fully 
developed mixing which occurs when \(J = «» and np = 0;   The variation of 
the local similarity parameter (a) with ^ can be determined from Eq. (3). 

This numerical technique was programmed on an IBM 360/50 com- 
puter, and a typical calculation time is approximately 1 min for each 
value of rjp considered or about 15 min for a complete mixing process. 

3.2 APPROXIMATE SOLUTION 

Experience with the exact numerical solution has led to the develop- 
ment of an approximate solution which can be very useful in solving 
practical engineering problems.    The approximate solution is obtained 
by integrating the left hand side of Eq.  (4) by parts.    This yields the 
following 

ill Y 1 ' 

d* (14) 

The integral on the right-hand side of Eq.  (14) can be neglected for the 
following two reasons: 

dcfD 

1. Experience with the exact solution shows that    ,.    » 0 
for <p > 10. v 

2. For \}J< 10, the exact solution underestimates the value 
of the integral appearing on the left-hand side of Eqs. (4) 
and (14) relative to its true physical value because of the 
boundary condition Cf_ = 0 and ^ = 0.    This boundary con- 
dition implies that, at the separation point, the shear 
stress varies discontinuously from that produced by the 
initial boundary layer to zero.   This is physically un- 
realistic, and therefore, the error produced by neglecting 
the integral on the right-hand side of Eq. (14) results in 
a more realistic estimate of the integral for total shear. 
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Based on these arguments, Eq.  (4) can be written in the following 
approximate form: 

c,,*- «^CJ> o,D (15) 

With Eq.  (15), it is possible to calculate the properties of the mixing 
process at any given station (<//) without the need for calculating the com- 
plete mixing process up to that station.   The local similarity parameter (a) 
can then be determined from Eq.  (3).   A typical calculation time on an 
IBM 360/50 computer is less than one minute. 

SECTION IV 
EXPERIMENTAL VERIFICATION 

The theory developed in the previous section involves one constant 
(rjtjk) to be determined from experiment.   The experiment selected is 
that of Tollmien (Ref.  7) for incompressible (C«,2 * 0), fully developed, 
turbulent mixing.    Tollmien experimentally determines a value of 12 for 
the similarity parameter (a) which results in a value of 0. 2058 for rj^k. 
By using this constant, the theory is compared with available two- 
dimensional data in Figs.  3,  4,  and 5. 

To facilitate the comparison of velocity profile shape and size, the 
transverse location of the theoretical profiles was determined by match- 
ing their half-velocity point with the experimental.    However, it is pos- 
sible to theoretically locate the velocity profiles by the method presented 
in Appendix II.    The theory, evaluated either by the exact or approxi- 
mate method, is shown to predict reasonable well both the evolution of 
velocity profile shape and the size of the mixing zone for free-stream 
Mach numbers up to 6. 4.   As anticipated, the approximate method is 
more realistic than the exact method for values of 4> < 10.   A basic 
assumption in the development of the approximate method is that 
dCfD 
—Tj— = 0 for ijj > 10.    This assumption is verified by the plot of Cf— 

versus \jj presented in Fig.  6. 

The basic assumption in this analysis is that the product (n^k) is a 
constant which is independent of both free-stream Mach number and 
mixing distance (X).   Based on this assumption, it is possible to deter- 
mine the variation with X of the constant of proportionality tic) between 
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the mixing length (JL) and a selected mixing width (b).   A typical varia- 
tion of k with ^ is presented in Fig.   7 for a mixing zone width defined 
by the velocity ratios 0. 9845 and 0. 0154. 

The influence of an initial boundary layer on the width of a turbulent 
mixing zone is presented in Pigs. 8a and b for incompressible flow 
(Chapman's data, Ref. 5) and for supersonic flow (Hill's data, Ref.  1). 
Theoretical estimates are included based on the exact and approximate 

1 solution techniques and for fully developed turbulent mixing without an 
initial boundary layer.   Again, the approximate solution is shown to 
agree better with experiment than with the exact solution. 

SECTION V 
CONCLUSIONS 

Analysis of the development of a two-dimensional, isobaric,  con- 
stant composition, compressible, free turbulent shear layer from an 
initial boundary layer leads to the following conclusions: 

1. The velocity profile becomes essentially fully developed 
in a streamwise distance corresponding to about ten 
initial boundary layer thicknesses. 

2. The near field local mixing rate varies significantly in 
the first ten initial boundary layer thicknesses.    The 
experimental data considered in this report are too 
limited to establish the far field or fully developed mixing 
rate. 

3. The theory presented in this report has been verified 
for the near field mixing process. 

4. The analytical technique presented in this report becomes 
impractical when applied to mixing processes that are 
strongly influenced by axisymmetric effects.    The com- 
plexity introduced by axisymmetric effects is primarily 
in connection with the determination of the location of the 
dividing streamline.   A typical example is presented in 
Appendix II.    For the more complex mixing processes, 
numerical techniques (Ref.  10) are believed to be 
superior in both phenomenological representation and 
computation time. 
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APPENDIX II 
EQUATIONS FOR THE CHARACTERISTICS 

OF GENERAL, SINGLE-STREAM MIXING ZONES 

Application of the Chapman-Korst flow model to base flow problems 
requires details of the associated mixing zone and its location with re- 
spect to the corresponding inviscid jet.   The mixing zone is located by 
the requirement that the momentum flux in the actual viscous case is 
identical to the momentum flux of the corresponding inviscid jet.   With 
a specification of the property variations in the mixing zone, continuity 
requirements can be used to locate the dividing streamline between the 
jet flow and the fluid entrained from the surroundings.   Zumwalt (Ref.  11) 
first derived the relationships for the axisymmetric mixing zone char- 
acteristics in conjunction with his analysis of the base pressure problem. 
These relationships were rederived by the authors from a more general 
approach, and the results have been reapplied to the cases treated by 
Zumwalt. 

ANALYSIS 

The present analysis is simply based on the dividing streamline and 
corresponding inviscid jet boundary definitions and the realization that 
these are local characteristics relating the actual viscous case to a 
corresponding inviscid jet.    Concepts inherent to the analysis can be 
demonstrated by considering a general control volume that is everywhere 
exterior to the mixing zone except at the point (station 3,  Fig. II-1, for 
example) in question.    If steady conditions prevail and base region veloc- 
ities are negligible, it is evident that forces on the upstream portion of 
the control volume in the actual case must be identical to the upstream 
forces on the same control volume superimposed on the corresponding 
inviscid jet.   Therefore, at the point where mixing zone characteristics 
are desired, 

|YM3 ,YM3 F3i - F3V (n-i) 
'-YM3 I-YM3 

Application of mass conservation to the same control volume for the 
actual viscous case and for a corresponding inviscid jet yields 

r       |YM3 |YM3 G3I        .     = G3V (II-2) 
Ym3 "   YD3 
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APPLICATIONS 

Zumwalt's most general analysis involves an "externally expanding" 
flow field similar to that shown in Fig. n-1 without an initial boundary 
layer.   Pressure gradients were considered in the streamwise direction, 
but uniform transverse static pressure conditions were assumed to exist 
at each station.   Application of the present analysis to this flow field 
yields 

"    f   "3V U3V 2TT   r, + (Y - Ym3) cos 0. + r, + (Y- Ym3+ dY) cos 03    -^L 
~YM3 J L J 

(n-3) 
+ 2ffp» (^ir) ['»' (YM3 + Ym3) cos 0s + r'+ (YM3 "Ym3) cos 0iJ 

and 
YM3 

G3V  I    M3    =  f p3V u3V 2ir Tr, + (Y - Ym3) cos 03 + rs + (Y - Ym3 + dY) cos 0,1 -^L  m_4) 
IYD3 J L J    l 

YD3 

for the actual viscous case and 

P    iYM3 , n   (YMS -Ym3\r "1 F3J " P31U31    2ff   ^ 3 Jjr,   *  r,  + (YM3  -Ym^cosÖj 
■-YM3 (n-5) 

and 

+ 2n p> V~T/ U1" (YM3 + Ym3) cos ö» + r» + (YM3 " Ym3) cos Ö»J 

G3I I   "3  = p3, u3I 2TT (YM3
2"

Ym3) [r, + r, + (Y M3 - Ym3) cos 0,] <n_6) 
Yn>3 

for the corresponding inviscid jet. 

Substituting into Eqs. (JI-1) and (II-2) and non-dimensionalizing the 
results yield 

(„M3 -B,)* + 2(l-CSI*)[(I1)I,M3 - (I^B, - 2(1-C3I*)[(J1)7?M3   - (j^J = (-£kj 

(n-7) 

and 

11-3  ~  °*  +   X cos 0, (II-8) 
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where 

B,   = 
'   "    ["'SS-   U^M3     +   (V?M3_ 

Zumwalt's results, which are based on a more restrictive control 
volume specification, are 

(B -,„y + 2<j-csl')[<g,7M8 - a1)J7jB-2(i-c3I»)[(j1)77M3 -cwj - (-^j 

(n-9) 
and 

'■S   ~   U   +     X cos fl3 (H-10) 

where 

B  = 
 <J^D3 '   HjHjj»     ~  (Jfl)!^»«.    -   (J^M3] 

Although the equation forms are similar, Zumwalt's results differ from 
the present analysis because upstream flow conditions, base pressure, 
and specific heat ratio are involved in B, whereas Bj is independent of 
these parameters.   The effect of this difference on the dividing stream- 
line velocity ratio, for example, and the relationship to the two- 
dimensional result are illustrated in Fig. II-2.   Note that 0D3 com- 
puted by the present analysis approaches the two-dimensional value as 
the geometric parameter approaches infinity, which is intuitively ex- 
pected. 

For the special case of uniform flow, static pressure is also con- 
stant in the streamwise direction, and C21 = C31.    Under these conditions, 
B = Bi, and Zumwalt's results agree with the present analysis. 

Equations (II-7) and (II-8) are also applicable to the problem of 
internally expanding jets (i. e., converging-diverging nozzle exit flows) 
if the sign of r3 is changed.   Under these circumstances, uniform flow 
conditions exist along the jet boundary, and the present analysis is 
once again in agreement with Zumwalt. 
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